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ABSTRACT 
Let G be a semisimple k-group, g its Lie algebra, and k an algebraic closure of k, char k = 0. For a 
nilpotent G(g)-orbit 0 c g(i), we determine necessary and sufficient conditions for 0 to be defined 
over k, and also for (3 n g(k) # 0. 
Let G be a connected semisimple algebraic group defined over a field k of 
characteristic 0. Denote by k an algebraic closure of k. We identify G with the 
group of its k-points. By Gk we denote the group of k-rational points of G. Let g 
be the Lie algebra of G and denote by gk the Lie algebra of its k-points. We refer 
the reader to [l, 91 for the facts about algebraic groups used in this note, and to 
[2,3] for the facts concerning nilpotent orbits. 
Let c3 c g be a nonzero nilpotent G-orbit (for the adjoint action). In this note 
we answer the following two questions: 
(1) When is 0 defined over k? 
(2) When does c? have a k-rational point, i.e., 0 n t& # 8? 
Choose a maximal torus T c G such that T is defined over k and T contains a 
maximal k-split torus, say S, of G. Denote by f (resp. 4) the Lie algebra of T 
(resp. S). Let Qi be the root system of (9, t), and @s its subsystem consisting of 
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the roots that vanish on E;. Choose a base n of @ such that 17, := U n @s is a 
base of @o. We also set 171 := 17 \170. 
For each root a E @let H, E t be the corresponding co-root. Denote by A the 
free Z-module generated by the H,, a E @. Finally set 
A triple (E, H, F) of nonzero vectors in g is called a standard triple if 
[H, E] = 2E, [H, F] = -2F, (F, E] = H. 
We can choose a standard triple (E, H, F) such that E E 0 and H E Cu. The 
element H is uniquely determined by the orbit 0, and conversely [2, Proposi- 
tions 5.6.7 and 5.6.81. We refer to Has the characteristic of 13. The characteristic 
is usually specified by the weighted Dynkin diagram of (g, t, n) where each 
vertex (Y E n is given the weight a(H) E (0, 1,2}. 
The Galois group r of k/k acts on @ in the natural way: g(o) = ~(Yu~‘, 
0 E r, o E @. It also acts on the Dynkin diagram by the so called *-action. If 
c E r, then c(n) is a base of @. Consequently there exists a unique w E W, the 
Weyl group of (g, t), such that wa(17) = 17. Then 0 * cr = wg(o) for all (Y E n. 
Recall that 170 is stable under *-action (see [9, p. 761). 
We can now answer our two questions. In connection with Theorem 2, when 
the base field is R (the field of real numbers), see a related result of Sekiguchi [8, 
Proposition 1.111. 
Theorem 1. The orbit 0 is defined over k ifand only $its characteristic H satisfies 
(ax Q)(H) = a(H)foralla E L?andu E r. 
Proof. Since chark = 0, 0 is defined over k if and only if a(0) = 0 for all 
u E r. 
Assume that 0 is defined over k and let g E r. Since a(Q) = 0, a(H) and H 
are W-conjugate. Let w E W be such that we(n) = II. As H E C’n and 
wg(n) = 17, we must have wa(H) E CU. Since a(H) and Hare W-conjugate, it 
follows that in fact we(H) = H. Consequently, we have 
(0 * a)(H) = w(a(a))(H) = a(a) o w-‘(H) 
= ga(T -- ’ )Q --l(H) = m(H) = Q(H). 
The converse is proved similarly. 0 
Theorem 2. We have c? n gk # fl ifand only cfthe characteristic H of c? lies in $, 
or equivalently Q(H) = 0 f or all cy E Ilo and (o * a)(H) = cr(H)for all Q E 171 
andc E I? 
Proof. We first prove the necessity. Assume that 0 f’ gk # v) and choose 
E E 0 n gk. By Jacobson-Morozov theorem [2, Theorem 5.3.21, there exist 
H, F E gk such that (E, H, F) is a standard triple. Also there exists g E Gk such 
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that g . H E & [l, Theorem 20.91. Hence, without any loss of generality, we may 
assume that H E Sk. By replacing H with w(H) where w is a suitable element of 
the relative Weyl group NG(S)/ZG(S), we may further assume that a(H) 2 0 
for all a: E 171. (Recall that each connected component of N(S) contains a 
k-rational point [l, Theorem 21.21.) As H E +, we have a(H) = 0 for Q E 170. 
Hence H E Cn, and so H is the characteristic of 0. As CJ n gk # 8,0 is defined 
over k. Theorem 1 implies that (0 * a)(H) = a(H) for Q: E 171 and CY E E. 
Hence the conditions are necessary. 
We shall now prove sufficiency. The conditions imply that the characteristic 
H of 0 lies in dk. It defines a Z-gradation of g by: 
9 = c Q(i), 
iEZ 
g(i) = {X E g : [H,X] = ix}. 
It is well known (see [2, Proposition 5.6.21) that 
Q(2) := c? n g(2) 
is a nonempty Zariski open set in g(2). Since chark = 0, the set g(2), of k- 
rational points of g(2) is dense in g(2). It follows that c?(2) fl g(2), # 8, and so 
ongk#@. 0 
Remarks 
1. The variety N (resp. U) of all nilpotent (resp. unipotent) elements of g 
(resp. G) is defined over k, and the exponential map N + U is a k-isomor- 
phism. Hence the Theorems 1 and 2 also describe which unipotent G-conjugacy 
classes are defined over k, and which ones contain k-rational points. 
2. If G is quasi-split, i.e., 170 = 0, then Theorems 1 and 2 show that every 
nilpotent G-orbit 0 c g which is defined over k has a k-rational point. This re- 
sult has been proved earlier by R. Kottwitz [6, Theorem 4.21. 
3. If G is of inner type, i.e., the *-action is trivial, then Theorem 1 implies 
that every nilpotent G-orbit c? c g is defined over k. 
4. Let G be absolutely almost simple and of outer type. Thus g is of type A,, 
II > 2; D,, n > 4; or E6. If g is of type E6, then all weighted Dynkin diagrams of 
nonzero nilpotent G-orbits in g are invariant under the nontrivial automor- 
phism of the Dynkin diagram. The same is true when g is of type A, (see [3, 
Lemma 3.6.51). Hence if g is of type A,,, n > 2, or E6 then again all nilpotent 
G-orbits in g are defined over k. This is not so when g is of type D,, n > 4. For 
instance, if n > 4 and G is of type 2D,, then the very even orbits are not defined 
over k (for the definition of these orbits see [3]). 
5. As an example, let G be of type Ei,% (see [lo]). Thus G is of inner type, 
dim S = 2, and the anisotropic kernel of G has dimension 16. There are 20 
nonzero nilpotent G-orbits in g. Their characteristics are listed, say, in [3, 
p. 1291. All of these orbits are defined over k but only 5 of them have k-rational 
points. These are the orbits with labels AI, 3At, AZ, DJ(uI), and D4 (lot. cit.). 
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6. When k = R and g is a noncompact real form of E6, ET, Eg, F4 or G2, one 
can verify the assertions of Theorems 1 and 2 by consulting the tables in [4,5] or 
[3]. In these cases all nilpotent orbits are defined over R. 
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